An entropic lattice Boltzmann model for gaseous slip flow in microchannels is presented. We relate the Knudsen number with the relaxation time in the lattice Boltzmann evolution equation from the gas kinetic theory. The slip velocity taking the momentum accommodation coefficient into account at the solid boundaries is obtained with kinetic boundary conditions. The two-dimensional micro-Poiseuille flow, microflow over a backward-facing step, micro-lid-driven cavity flow, and three-dimensional microflow are simulated using the present model. Numerical tests show that the results of the present lattice Boltzmann method together with the boundary scheme are in good agreement with the analytical solutions and numerical simulations by the finite volume method.
Introduction
The recent development of micro-fabrication technologies has made increasing applications for fluidic microsystems in varied fields. 1 As the scale of the domain is reduced, the continuum assumption is no longer applicable. Some effects that are typically neglected at the macroscale must be included in the analysis at the microscale. One such condition that arises in microscale geometries is the slip velocity at the solid surfaces. The Knudsen number, Kn, the ratio of the gas mean free path λ to the characteristic dimension H of the flow, provides a direct means of validating the continuum approach. Generally speaking, for Kn > 0.001, the classical boundary conditions of no-slip velocity and no-jump temperature at the solid boundaries break down. A number of analytical, numerical, and experimental researches have been carried out to study the rarefaction effect on gaseous flow characteristics in microchannels.
1,2 For a moderately small Knudsen number, say, 0.001 < Kn < 0.1, the gas rarefaction effect can be taken into account via the velocity slip boundary condition applied to the Navier-Stokes equation. Such an approach allows us to take into account a gas rarefaction effect and, at the same time, to avoid a numerical solving of the kinetic Boltzmann equation, which requires great computational efforts.
3
In recent years, the lattice Boltzmann method (LBM) has emerged as an alternative and effective numerical approach for computational fluid dynamics and has achieved a great success in a variety of fields, ranging from simple laminar flows to multi-phase flows, especially for modeling complex physics in fluids. Interested readers can see the comprehensive reviews and books on this method. [4] [5] [6] Also more recently, the LBM has been extended to microflow applications successfully.
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However, in their slip models, the momentum accommodation coefficient in the boundary condition was not considered. In this paper, based on our previous work, 15 we performed more detailed validation tests and also extended the lattice Boltzmann model for three-dimensional microflows. This paper is organized as follows: in Sec. 2, we give a brief description of the LBM model. In Sec. 3, the boundary condition considering the Knudsen number and the momentum accommodation coefficient effects is proposed. In Sec. 4, numerical tests for four typical problems are carried out to validate the approach.
Lattice Boltzmann Method
Recently, a progress has been achieved in incorporating the H theorem into the LBM, 16, 17 and thus the stability of the LBM can be improved. In the entropy lattice Boltzmann method (ELBM), the basic equation to be solved is
where c i is the particle discrete velocity and ∆t is the time step. In this expression, the parameter β is fixed in the interval [0, 1] and is related to the viscosity. A scalar function of the population vector α ensures the discrete time H theorem, and is the nontrivial root of the nonlinear equation
where ∆ is the collision term and one can see Ref. 18 for details. The combination (βα) −1 is the effective relaxation time in the fully discrete kinetic picture. 18 The density and momentum are given as ρ = i f i and ρu = i f i c i , respectively. Though Reynolds number encountered in microchannel flow is usually low, considering the applications for rarefied gaseous flow with high velocity in airdynamics, we adopted the ELBM in this paper.
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To obtain the micro lattice Boltzmann model, we review the knowledge of the gas kinetic theory first. The collision frequency ν is defined as the ratio of molecular mean thermal speedc
to the molecular mean free path λ,
where k B denotes the Boltzmann constant, T is the reference temperature, and m is the molecule mass. For a standard two-dimensional nine-velocity lattice (D2Q9 model), 20 the discrete velocity c is related to the reference temperature by the relation c = √ 3RT , where R is the gas constant. Combining Eqs. (3) and (4), together withc = ∆x/∆t, c = √ 3RT , R = k B /m and H = N H ∆x (N H denotes the characteristic lattice number), we can obtain
By substituting the relaxation time τ = 1/ν for ν in Eq. (5), we have
Finally, the relationship between the Knudsen number and the relaxation time can be stated approximately as follows
According to Ref. 17 , τ −1 in the LBGK case is replaced by 2β, and we are led to the following kinematic viscosity coefficient,
Boundary Conditions
With regard to the boundary condition, bounce-back or modified bounce-back treatment at the solid boundaries is usually used in the LBM to get the no-slip boundary conditions for continuum flows. 21 To capture the gas slip velocity in the microflows, bounce-back and specular reflection conditions are combined in Ref. 10 . Ansumali and Karlin 22 first applied kinetic theory boundary conditions in the LBM for continuum flow. However, in the previous work, the momentum accommodation coefficient was not considered in the boundary condition. In this paper, by applying the coupling conditions of specular and diffusive kinetic boundaries we get the slip velocity at the solid boundaries such that the momentum accommodation coefficient can be included in the lattice Boltzmann model. To specify the reflection law we will need the following notation. Let P be a point on the surface ∂Ω. At time t, its position is r(r ∈ ∂Ω), and n is the inwardpointing unit vector normal to the boundary surface at P . u w is the velocity of the wall at P . Thus, we shall denote the distribution function in a frame of reference moving with the wall velocity as f (ξ), with ξ = c − u w . Figure 1 shows such a gas-surface interaction at the wall P .
Consider the gas is composed of identical particles with velocities restricted to a given finite set of 2N vectors. We arrange the given 2N velocities into three groups. I i denotes the set of velocity numbers i such that (c i − u w )n < 0, which represent incident molecules. Similarly, I r denotes the set of indices such that (c i − u w )n > 0, the reflected molecules, and for the molecules having a velocity such that (c i − u w )n = 0 we introduce their index set I g , representing the grazing molecules at the wall. Then, one can characterize the gas-surface interaction on the wall as
where R ij ≥ 0 is the transition probability density that a particle with velocity ξ i , ξ i n < 0 hitting the wall is instantaneously reflected with velocity ξ j , ξ j n > 0. If the wall is nonporous and nonadsorbing, the nonnegative R ij must satisfy the normalization condition
If it is assumed that a fraction σ ν (0 ≤ σ ν ≤ 1) of the molecules is re-emitted diffusively from the surface, while the fraction (1 − σ ν ) is reflected in a specular fashion (according to the rarefied gas dynamics, σ ν is called the tangential momentum accommodation coefficient), we can specify the coefficients R ij and re-write
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Eq. (10) as
with ξ j − ξ j = 2(ξ j n)n (see Fig. 1 ). Here R D j is the purely diffusive part. R
D j
does not depend on the incident directions i because a particle which is reflected diffusively has completely lost its memory about the incoming stream. See Ref. 14 for detailed derivation process of R D j in the LBM, in which completely diffusive boundary conditions are applied for continuum flows. Therefore, the unknown particle distribution function f (r, c j , t+∆t) at the boundaries during the lattice Boltzmann equation evolution process can be calculated using the following equation.
where the equilibrium f eq is the conditional minimizer of the entropy function H and its expression can be found in Ref. 17.
Numerical Results

Micro-Poiseuille flow
First, the micro-Poiseuille flow is studied with present LBM model. The twodimensional channel of length L extends from y = 0 to y = H(L = 10H). The upper and lower plates remain stationary. The channel inlet is given uniform velocity at u 0 = 0.001c, and the channel outlet is assumed to be fully developed. Uniform mesh size of 1500 × 150 is used in the simulation after grid-independence test.
The channel outlet values of the production of Fanning friction factor and Reynolds number (C f Re), normalized slip velocity (u s /u 0 ) at the wall, and normalized maximum velocity (u max /u 0 ) at the channel centerline are listed in Table 1 by using different approaches. In the table, the friction constant by the first-order solution
and second-order solution 24 are used for comparison
where α = 1.11 and β = 0.31. The slip velocity at the wall stated as Eq. (15) and the maximum velocity at the channel centerline stated as Eq. (16) 25 are also used to compare with the corresponding results by the present LBM,
From the table we can see that the first-order analytical solution over-predicts the friction factor slightly; the LBM values are very close to the second-order predictions. For the slip velocity and maximum velocity, the LBM results are also in good agreement with the second-order predictions. Figure 2 presents the Knudsen number and tangential momentum accommodation coefficient effects on the slip velocity and entrance length (the developing flow zone before entering the fully developed regime). As seen from Fig. 2(a) , with the increase in the Knudsen number, the slip velocity at the wall increases and thus the friction factor decreases due to the gas rarefaction effect. The hydrodynamic entrance length, denoting by the schematic slope solid line in the figure, gets longer for higher Knudsen numbers. In Fig. 2(b) , as the momentum accommodation coefficient decreases, the slip velocity also increases and the corresponding friction factor decreases. However, the entrance length is shorter for lower σ ν . In other words, the tangential momentum accommodation coefficient, which indicates the interaction of the gas molecules with the wall, has the contrary action on the entrance length to the Knudsen number, which indicates the degree of the gas rarefaction.
Microflow over a backward-facing step
Second, the present LBM is used to study the microflow characteristics over a backward-facing step. The backward-facing step geometry size is 1500 × 150 (lattice units). The channel expansion ratio ER (the ratio of the channel widths downstream and upstream) keeps at ER = 1.5. First, we used Kn = 0.001 and σ ν = 1 to compare with continuum flow. The velocity vectors developing from upstream to downstream are presented in Fig. 3 for Re = 100. The profile is consistent with the one in the literature. 26 The flow reattachment point is located at x/h = 6.24, where h is the step height, compared with the value of x/h = 6.3 by solving the continuum NavierStokes equation in Ref. 26 . To study the rarefaction effect, we presented the velocity vectors for Kn = 0.01 and Kn = 0.05 at Re = 3 in Fig. 4 . Comparing Fig. 4(b) with Fig. 4(a) , we can find that as the Knudsen number increases, the slip velocity at the wall increases and the centerline velocity decreases, i.e., the velocity profiles flatten in the channel. The predicted reattachment lengths are listed in Table 2 . We also solved the incompressible Navier-Stokes equation with finite volume method (FVM) by applying first-order slip boundary condition. From the table we can see that the slip velocity at the wall reduces the reattachment length. For higher Kn or lower σ ν , the reattachment length is shorter. The discrepancies between the LBM results and the FVM results are small.
Micro-lid-driven cavity flow
Thirdly, we use the present LBM model to investigate the micro-lid driven cavity flow. The cavity size is 300×300 (lattice units). The upper wall moves with a uniform constant velocity u 0 , from left to right and other three walls keep stationary.
To compare with continuum shear-driven cavity flow, we use Kn = 0.0005 and σ ν = 1 in the simulation first. The streamlines at Re = 100 and Re = 400 are shown in Fig. 5 . The streamlines are consistent with the results from conventional numerical methods. 27, 28 In Fig. 6 , the velocity profiles through the cavity center are 28 Figure 7 shows the streamlines at two different Knudsen numbers and two different tangential momentum accommodation coefficients. The Reynolds number is fixed at Re = 0.3. It can be seen that the x-position of the vortex center remains at the vertical centerline while the y-position moves downward as the Knudsen number increases or the momentum accommodation coefficient decreases. Figure 8 shows the Knudsen number and tangential momentum accommodation coefficient effects on the velocity profiles through the cavity center. In Fig. 8(a) , as the Knudsen number increases or the tangential momentum accommodation coefficient decreases, the slip u-velocity at the lower wall increases. For the upper wall, as the Knudsen number increases or the tangential momentum accommodation coefficient decreases, the slip velocity contrary to the streamwise direction increases, resulting in the decrease in the streamwise velocity. In Fig. 8(b) , we can see that as the Knudsen number increases or the tangential momentum accommodation coefficient decreases, the slip v-velocity at the lateral walls increases.
Three-dimensional microflow
Finally, consider a Poiseuille flow in a rectangular microduct. The Cartesian coordinate system (x, y, z) is used. The length of the microduct is L, its width is 2b, and its depth is 2h, thus
The aspect ratio of the cross section a = h/b, ranges from 0 (parallel channel) to 1 (square duct), assuming h ≤ b. The Knudsen number is defined as Kn = λ/(2h). The duct inlet is given uniform velocity at u 0 = 0.001c, and the channel outlet is assumed to be fully developed. The uniform grid size 600 × 60 × 60 is used for a square duct after grid-dependence examination. Discrete velocities c i and the equilibrium distribution functions of the 3D model are given by Qian et al.
20 Figure 9 shows the velocity vectors in the streamwise directions of x/L = 0.02, 0.5, and 1.0. We can see that the flow enters a fully developed region after a short entrance length. The velocity distribution in the duct flattens for higher Knudsen number or lower momentum accommodation coefficient. Figure 10 Fig. 10(b) , respectively. A slight higher deviation near the wall and lower deviation near the centerline are observed for the velocity distributions from the present LBM results compared to the solutions of the other two models. The product of friction factor and Reynolds number (C f Re) is shown in Table 3 . The friction factor from present LBM prediction is slightly lower than the first-order and second-order solutions. The LBM results more approach the second-order analytical solutions.
Conclusions
In this paper, a lattice Boltzmann model has been proposed for incompressible isothermal microflows. This model features two key differences compared with the other current micro lattice Boltzmann models. One is that the accommodation coefficient is involved, and the other is that the boundary condition is derived from the kinetic theory. Numerical simulations of two-dimensional micro Poiseuille flow, backward-facing step flow, lid-driven cavity flow, and three-dimensional microduct flow have been carried out to validate the present model. It is observed that the present model produces satisfactory solutions for these problems compared with the analytical solutions or benchmark solutions. Furthermore, the simulated results show that the position of the vortex center moves downward as the Knudsen number increases or the momentum accommodation coefficient decreases in a microlid-driven cavity flow; for microflows over a backward-facing step, the larger slip velocity due to the higher Knudsen number or lower momentum accommodation coefficient decreases the reattachment length. Similar to the bounce-back boundary condition commonly used in the LBM, the present boundary condition dose not change the locality of the LBM and it is still convenient to implement for complex geometries such as the porous media flow. 
